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CONSTRUCTING CHOICE SEQUENCES FROM LAWLESS SEQUENCES
OF NEIGHBOURHOOD FUNCTIONS
G. F. van der Hoeven
(Twente University of Technology)
I. Moerdijk
(University of Amsterdam)
I. INTRODUCTION
The aim of this paper is to illustrate how various notions of choice sequence
can be derived from, or reduced to, the notion of a lawless sequence. More accurate-
ly, we will construct a sequence of models, starting with a model for lawless se-
quences of neighbourhood functions, and arriving by subsequent modifications at a
model for the theory CS of Kreisel & Troelstra(1970).
Such a process of gradually transforming a model for the theory of lawless se-
quences into a model for the theory of CS provides an answer to the question posed
in Kreisel(I968), p.243, "How fundamental are lawless sequences", in the sense that
it shows that many concepts of choice sequence can be derived from a notion of law-
lessness.
The first model to be discussed in section 4 will be a model for lawless se-
quences of neighbourhood functions, which is completely analogous to a model for the
theory LS of lawless sequences of natural numbers (for LS, see Kreisel(1968),
Troelstra(1977». This model for LS will be presented in section 3, after a short
introduction to forcing over sites given 1n section 2.
wi th a lawless s equ enc e of neighbourhood func tions one can associate a "po t en-
tial" sequence of natural numbers a: given an initial segment (fa, ... ,f
n)
of So
the information we have about a is that it lies in the image of f
o
f
n
(where the f
i'
s a re regarded as lawlike continuous operations IN:N -> JNJN, so com-
posing then makes sense).
A first modification of the site serves to eliminate an intensional aspect of
the information we have about such a potential sequence a: two initial segments
represent the same information about a,
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and should therefore be identified, given that a is the sequence we are interested
in, rather than the lawless sequence of neighbourhood functions that a is construc-
ted from.
A next moditication turns these potential sequences of natural numbers into ac-
tual ones, simply by refining the Grothendieck topology of the underlying site. We
will see that the universe of choice sequences obtained at this stage is of little
interest.
This situation changes radicaliy if we modify the site once more, this time in
order to obtain closure properties of the universe of choice sequences, and, in a
next step, eliminate the intensional aspects introduced with these closure properties.
We then have a model in which the universe of choice sequences satisfies the CS-axi-
oms of analytic data and Va3n-continu'ity, i.e.
Va(A(a) ->- 3F(a E im(F) 1\ VB E im(F)A\B»)
Va3nA(a,n) ->- 3FVaA(a,Fa),
where F ranges over lawlike continuous operations IN:N ->- IN:N, and IN:IN ->- IN
respectively.
Moreover, this model has a natural notion of independence, which is decidable
is valid, where we write a # B for "a is independent from
B "). Using this notion, we can formulate several variants of Va3B - continuity
which are valid in this model, such as
VcdB( I a#B 1\ A(a, B» ->- 3FVaA(a,Fa)
Va3B(a#BI\A(a,B» ->- 3eEKVu(e(u) '10 ->- 3BVaEu(a#B->-A(a,B»).
A multiple parameter version of analytic data also holds:
Vaj, ... an(#(aj, ... ,an) 1\ A(a1, ... ,an) ->- 3F 1, ... ,Fn(/\ a i
E im(Fi) 1\
where #(a
1,
... ,a
n)
abbreviates /\ {a. #a. I l:5i<j:5nL
J
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However, the usual version of Va3S - continuity (which is an axiom of CS),
Va3SA(a,S) + 3FVaA(a,Fa) ,
does not hold.
Finally, we modify the site by introducing the possible creation of certain
dependencies betweer. sequences. This is done in two steps. After the first step,
we obtain validi ty cf the usual CS-version of Va3S - continui ty. So the only thing
that is missing for a CS-model is the axiom of pairing,
Va, S3y3F , G(0. =Fy A S =Gy) .
A second step will a.ccompl i sh the validity of this axiom, and we have arrived at a
model for CS.
The constructions of these models and the proofs of their properties can be per-
formed in an intuitionistic system like IDB (see Kreisel & Troelstra(1970)). This
means that the theories of choice sequences that we provide models for are all con-
sistent with Church's thesis ("all lawlike sequences are recursive") and
countable choice.
As we said above, this sequence of models illustrates how various concepts of
choice sequence can be reduced to the concepts of lawlessness. There is an interest-
ing parallel here between the material ot paper and the program of "imitating"
notions of choice sequence by means of "projections of lawless sequences"
(c f , van Dalen & Troelstra(I970), van der Hoeven & Troelstra(1980), van der Hoeven
(1982)), which has a simi lar purpose of rcduc i ng arbitrary choice sequences to law-
less ones.
For example, in van der Hoeven(I982) a restricted version of CS is modelled by
sequences constructed from a lawless sequence of neigbourhood functions and two law-
less sequences of natural numbers, of whic:h the latter two serve to make potential
sequences into actual ones and to create dependencies between members of the universe
of choice sequences.
There are some important differences between these two approaches, however, the
main one being that here we obtain new notions of choice sequence by modifying the
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underlying site, that is, by modifying the notion of truth, whereas on the projections
approach new universes of choice sequences are constructed by applying more complex
continuous operations to lawless sequences.
Our present approach is technically simpler, because the changes in the forcing
definition really make the intensional differences between sequences invisible.
Using projections, the forcing definition remains the same, but long formula induc-
tions are needed to show that for formulas in the language of analysis the property
of being forced is independent of intensional differences in the parameters.
On the other hand, choice sequences projected from lawless sequences give a
clearer picture of a construction process. In the sites we discuss here there are
obvious representatives of steps in such a process ("going back along the arrows"),
but the process as a whole is not explicitly presented.
Summarizing the results of this paper, then, we find models which have properties
similar to the models for the CS­like systems constructed by projections. In parti-
cular, our last model but one, in which all of CS except pairing holds, is closely
related to the models of van der Hoeven & Troelstra(198U). Technically, however, the
projections approach is much more involved than the present one. The full generality
of the models we obtain here has (so far) not been achieved along the projections ap-
proach: the projection models are all models of restricted variants of the theories
we model here. Moreover, we obtain some new models for ­ so it seems to us ­ interest-
ing systems with a primitive relation of independence.
In our paper van der Hoeven &Moerdijk(to appear) we constructed two models for
the system CS by using forcing over sites, as we do here. Especially the first model
(section 2.2 of that paper) is In some sense much simpler than the present one, but
its construction is not motivated by a "reduction to lawless sequences" and, contrary
to the present approach, we do not meet interesting (sub­)systems on the way of the
construction of that model. The second CS­model in that paper (sectlon 4) bears a
relation to lawless sequences, but since it is constructed from the first one simply
by considering what would be needed to prove it first order equivalent, this relation
is less natural as a reduction. (See the remarks in Troelstra(1983), pp. 245­6.)
Thus, the constructions of these three CS­models are motivated rather different­
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ly, and the relation between these models needs closer investigation. This is a
problem, however, that we do not touch upon in this paper.
2. FORCING OVER SITES
To make this paper accessible to readers who are less familiar with forcing over
sites, we will review some of the basic notions of this theory, otherwise known as
sheaf semantics or Beth-Kripke-Joyal semantics.
Let be a category. If C is an object of a sieve on C is a col lec-
tion of morphisms S with codomain C which is closed under right composition, i.e.
if D -L- C ESand E L D is any morphism of then fog E S.
A Grothendieck topology on is a function which associates to every object C
of a family J(C) of sieves on C, called cooer-inq sieves, such that
(i) (trivial cover) For each C, the maximal sieve
{f I codomain(f) = C} E J(C).
( i i ) (stability) If S E J(C) and D ---.£* C is a morphism of II: then
fogES} E J(D).
(iii) (transitivity) If R E J(C) and S is a sieve on C such that for
each D -L- C E R, £*(5) E J(D), then S E J(C)a
A site is a category equipped with a Grothendieck topology. A site is called consis-
tent if </J i J(C) for some C E II:, i.e. at least one object is not covered by the
empty family.
(i), (ii), (iii) are closure conditions, so the intersection of a family of
Grothendieck t opo l ogie s is again a Grothendieck topology. Consequently,
objects C E II: we Epecify a couple of families (not necessarily sieves)
if for some
f.
{C.
1 1
with codomain C ("basic covering families"), then there exists a smallest Groten-
dieck topology J "ith the property that for each of these selected objects C,
and for each sieve S on C, S E J(C) whenever S contains one of these basic
covering families. This smallest topology J is called the topology generated by
the basic covering families.
In general, it is rather hard to keep track of what a collection of basic covers
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generates, in particular, it is hard to see whether the generated Grothendieck topo-
logy is consistent. For this reason, it is more convenient to work with basic covers
of the following form: for each object C we specify a collection K(C) of families
f.
{C. cj. such that
It,
there
we have a fam-
E K(C).
is a morphism of
cr E K(C).
such that for each
id
and for each i
f. og ..
q) C} ..{C ..then
C}i E K(C)
with
The one-element family {C
f.
C. C}. E K(C) and
D}. E K(D)
J
If
then there is a family {D.
J
is an i and a morphism k
f·
If {C.
(trivial cover)
(transitivity)
g ..
ily {C .. C.}.
J
(stability)
(i')
(ii' )
(iii')
If we have a family of basic covers K(C) for each CElt satisfying (i')-(iii'),
then the Grothendieck topology J generated by K is defined by
R E J(C) - 3S E K(C)S R.
In particular, J consistent iff ¢ i K(C) for some object C (we say that K
is consistent).
In section 4, we define (models over) sites by some basic covers which in
general do not satisfy (i')-(iii'). So the way to show that our models are consistent
is to find a bigger collection K of basic covers which does satisfy (i')-(iii'),
and is consistent. This is rather straightforward in all cases, and will in general
not be shown in detail.
A domain X on a site (It,J) is a functor It°P Sets, i.e. a collection of
sets {X(C) CElt} together with restriction maps
XeD) X(C), x f------+ xlf,
for every morphism C D of It, such that (x l f ) I g = x I (fog), and x lid = x ,
The elements of X(C) are to be thought of as partially constructed members of the
domain X, C is the "stage" of construction, and by the restriction along D C
we gain more information about such a partially constructed member of X, i.e. we
perform a construction step.
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A lawlike domain (more precisely, a ot lawliKe objects) is a domain
which consists of complete objects: there is nothing to be constructed. 50 X is
lawlike if X(C) = a fixed set X , and all restriction maps are identities. Thus,
for each "external" set X there is a corresponding lawlike domain, also denoted by
X, with X(C) = X. The main examples that occur in section 4 are the lawlike domain
of natural numbers (lli(C) = lli for all C), and the domain of lawlike neighbourhood
functions K (K(C) = K, the set of inductively defined neighbourhood functions).
Given a collection of domains on we define forcing for a many sorted
language L. Each sort of L is identified with a certain domain. And each constant
c of L, of sort X say, is identified with a family of elements c(D) E XeD},
D an object of coherent in the sense that c (D) I f = c (E) for any morphism
E D.
Moreover, we assume to be given an interpretation of each relation symbol R
(taking n arguments of sorts XI' ... , X
n
say). The interpretation of R is an
assignment of a subset R(C) 0;; XI (C) x ••• x X
n
(C) to each object C, such that
for D C,
The [orcing 1"elation
where tjJ has free variables among vI'··· vn'
v. of sort Xi'
is now defined by i nduc t i on, For atomic formulas we have
C II- x v y => there is an 5 E J(C) such that xlf = ylf for all f E: 5
C If- R(x
l
, .. "x
n)
=> there is an 5 E J(C) such that (xI If, ... ,xn If) E R(D)
for all D C E 5.
Furthermore,
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e II- \pAljJ(x1,···,xn) - e II- lP(X1,···,xn) and e II- ljJ(x1,.··,xn)
e II- \pvljJ(xl,.·.,xn) - {D I D II- lP(xllf, ... ,xnlf)
or D Il-ljJ(xllf, ... ,xnlf)} E J(e)
e II- ... ,xn) - for all morphisms D ---.!..- e,
if then D II- ljJ(x !f, ... ,x If).
I n
and for variables v of sort Y we have
e II- 3VlP(v,x1,··· ,xn)
e II- VVlP(v,x l,··· ,xn)
{D e 3yEY(D) D II- lP(y,x11f, ... ,xn!f)} E J(D)
for all D e and all y E Y(D),
By induction, one can show that the forcing relation has the important proper-
ties of being monotone and coeal:
(monotone) If and e Il-lP(xI, ,Xn) then D Il-lP(xl!f, ... ,xnlf).
(local) If SEJ(e) and Dll-lP(x1!f, ,xnlf) forevery in S,
then C II- lP(x1, ... ,xn).
A formula lP(v
l,
... ,v
n)
is called valid (notation:
C II- lP(x 1,··· ,xn).
if for each
Function symbols F of L, taking n arguments of sorts XI' ... ' Xn to a value
of sort Y, are treated as n+l - place relation symbols such that VX
l
F(x
1,···
,Xn) = y is valid.
This interpretation makes all of intuitionistic predicate calculus valid, and
when higher order sorts (exponentials and powersets) are properly defined it provides
a model for intuitionistlC type theory with full comprehension. lihen the sort m
of natural numbers is interpreted by the corresponding lawlike domain, we obtain a
model for (higher order) intuitionistic arithmetic (These are well-known facts, but
they are not needed for the understanding of the rest of this paper.) The first or-
der part of arithmetic is classical if we work in a classical metatheory, since (as
is easily shown by induction) we have
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if the sorts Xi are lawlike, and all quantifiers range over lawlike sorts.
3. A MODEL FOR LS
As a preparation to the next section, which is the core of this paper, we will
now describe a model for the theory LS of lawless sequences of natural numbers.
This model is not new, and was first described in Fourman(1982).
The underlying site of the model has as obJects finite products of basic open
subspaces of Baire space. We write such objects as
where U. E and vu. has initial segment u . l .i. The empty pro-
duct, which is the one point space, is denoted by 1. Morphisms from one such ob-
Ject to another
-.- V x ••• xV
vI vm
are continuous maps induced by injections {I, ... ,m} >-+ {I, ... ,n} such that
extends via ¢(xl' ... ,xn) = ... I'h e Grotihenai.eok. topol-
ogy is generated by basic covers of two sort (* denotes concatenation):
(i) (open covers) {V c-+ V }
u-n u nEIN
is a cover.
(ii) (projections) the singleton {V xV -.- V !
1.1 V U
is a cover.
Classically, the generated Grothendieck topology can be described as: a family
{¢i: U
i
-.- U} covers iff the images ¢i(U
i)
£;; U form an (open) cover of U. In an
intuitionistic metatheory like IDB, we do not get all open covers, but only the in-
ductively defined ones (cf. the remarks at the end of this section).
The relevant domains over this site are the following: we have the lawlike do-
mains IN of natural numbers and K of neighbourhood func tions, the lawlike domain
of continuous operations IN:N -.- IN:N corresponding to neighbourhood functions, and
the lawlike domain IN:N of lawlike sequences (so all the "external" sequences appear
216 G.F.v.d.Hoeven, I.Moerdijk
in the model as lawlike sequences). The domain L of lawless sequences is the do-
main of projections,
{lT
1
" : V -"lN
JIl I i = I , ••• n } ,
ui
with restrictions defined by composition: If
morphism induced by as above, then IT.1 <I> =
1
<1>: V x ••• xV
u 1 v n
lT i 0<1> =
-.. V x ••• xV
VI vm
li= I, ... ,m) •
is a
If U is
an object of the site and a E L(U), then a is interpreted as a sequence of natu-
ral numbers by
(I) U If- a(n)
in other words, if
m => "Ix E U o (x) (n) m,
and a IT.
1
then U If- aEV iff u.
1
extends
v, for any finite sequence v (as usual, a E v stands for Vi <!th(v)
ali) = veil). Note that definition (1) is monotone and local, i.e. if <1>: W -.. U and
U If- a(n) = m then W If- (a] <1» (n) = m, and if {<I>.: W. -.. U}. covers and each
1 1 1
This completes the description of the model.
The validity of the two simpler LS-axioms, density: Vv3alaEv) and decidable
equality: Va,S(a=S v la=S) is easily verified. For density, take a V E
covers, and
and an object
V x • • • x V x V Il- lT
n
+ I E v.ul un v
more, it is easily seen that
So Further-
V x ••• x V
"t un
II- IT. F IT •
1 J
iff i F j,
from which decidable equality follows immediately.
Before we prove the validity of open data and continuity in the model we state
three simple observations about the forcing relation.
Observation I. If A(a], ... ,an) is a formula which has all its non-lawlike parame-
t ere among a I ' i are distinct numbers in {I, ... ,k}, then
n
xV If- A(TI. , ... ,TI. ) iff V
u·
i. J
x xV
u·
If- A(TI. , ... ,TI. )
i. I
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(proof: If- is local and monotone (section 2), and the projection
¢: Vu x... xVu + Vu' x ... xVu' ,J k
Observation 2. If A has only lawlike parameters, then
u, U If- A.
1= A
is a cover.)
iff for some object
(proof: if u If- A then by observation J, If- A, so by monotonicity, V If- A
for any object V since
the site.)
is terminal, i.e. there is a unique morphism V + 1 in
Observation 3. Let U be any object in the si t.e , Then
implies
iff fop «u
V x... xvu If- B(TII, .. ·,TI ).
u l n n
Here :!aJ ... :!an( .. ) abbreviates Val .... a(/\ a.#a. + ( .. » and A(al, ... ,an),n i e j i. J
B(aJ, ... ,an) have all their non-lawlike parameters among 0. 1" " , an'
(proof: by observation 2, we may assume U = 1. But if W = Vw x... xVw is any ob-I k
j e c t , and i), ... , in are i nd i ces such that W If- /\
f<f'
then iI' ... in are all distinct, and by observation I,
where v. = w. . So we may res t r i c t ourse I ves to the case W
J
to be shown.)
Note that as a consequence of observation 3 we have:
as was
Genericity lemma. 1= :!a\ ... :!anA(a1, ... ,an) iff v( i" ... xV() If- A(TIJ, ... ,TIn)
(n-fold product).
Using these observations, validity of the open data axiom and the axiom of con-
tinuity is easily established.
Open data reads
By observation 3, it suffices to show that for any n-tuple u l' ... , un' if
(I)
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(2)
So assume (1). To prove (2), it suffices by observation 3 again to show that if
(3) v x ••• xV II- lTlEU
l
1\ ••• 1\ 1T EU
wI wn n n
then also
(4) v x ••• xV II- A( IT I ' .•. , lT
n
) .
wI wn
But if (3) holds, then W.
1
extends U.
1
so we have an inclusion morphism
V x ••• xVw
j
wn
from (1).
c-.- restriction along which shows that (4) now follows
The axiom of continuity is
and A(a l , · · · ,an' m)
where F ranges over lawlike continuous operations JN
1
' x
neighbourhood functions IN<N x ••• X IN<JN -Y IN),
x JN
JN
-Y IN (induced by
has no non-
lawlike parameters other than aI' ... , an
equivalent to showing that if
then also
By observation 2, proving continuity is
So assume (I). Then r n particular for the n-fold product of V( ) ,
for each i,
W. II- A(lT
j
I <P., ... ,lT I <P., m.).
l l n l l
and natural numbers m. such that
1
By observation 1, we may assume <P.
1
to be a canonical inclusion
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W. = Vw X .... x VW C-+ V( ) x ••• xV ( ) , and by passing to a disjoint refinement of1 1, i n,i
the inductive open cover {W. i. of V ( ) x ••• x V ( )' we can define F by1 1
Then Wi II-- F(1f
I
, · .. ,1f
n)
= m
i,
so Wi II-- A(Tr
J
, .. ·,1f
n,
F(1f
j
, ,IT
n
» ·
cover, it follows that V( )x ... xV() If- AZ'IT1, ... ,Tl
n
, F(1f
j
, ,1f
n
».
Since the W.
1
So by the gener-
icity lemma, hence (2) holds.
The treatment of the model above is completely constructive, i.e. can be per-
formed in an intuitionistic metatheory like IDE. (By definition of the Grothendieck
topology, every cover has a corresponding characteristic neighbourhood function in K,
so the map F defined in the proof of the continuity axiom can indeed be defined in
IDB.) It 15 a corollary of the elimination theorem (Troelstra(1977» that any inter-
pretation of LS in IDB is equivalent to the elimination translation. In particular,
for first order sentences A in the languar,e of LS,
IDB I-- (11- A) -<->- T (A) ,
where II- is forcing over the model described above (formalized in IDB) and 18
the elimination translation. In fact, a simple formula induction shows that
are literally the
same (A not containing lawless parameters other than a I' ... , an)' provided one
includes observation 2 in the forcing definition to get rid of vacuous quantifiers.
4. CHOICE SEQUENCES CONSTRUCTED FROM LAWLESS SEQUENCES OF NEIGHBOURHOOD FUNCTIONS
4.1. Lawless sequences of neighbourhood functions.
As usual, K denotes the (inductively detined) class of neighbourhood functions
Neighbourhood functions induce lawlike continuous operations
IN
F: IN -e- IN
and F: JNN + JN
JN
(cf. Troelstra(1977»), and we will often identify F and f,
writing things 11ke F c K, or fog for the composition of the corresponding contin-
uous operations JNN + IN
JN
, etc.
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Completely analogous to the model for lawless sequences described in section 3,
Objects of the
we may construct a model for lawless sequences of neighbourhood functions from K
(or lawless sequences of lawlike continuous operations IN:N -;- JN
JN
).
site are now finite products of basic open subsets of
VE,
1
x ••• x (n;>O) ,
(and each lS identified with the corres-
<IN
where E,i E K , E,i; (fil,···f
i k.)
ponding continuous operation JN JN -;- IN:N).
f..
Morphisms of the site are functions
v x ••• xV
I
which are induced by injections {I, ... ,m} >-+ {I, ... ,n} such that extends
(i;I, ... ,m), and The Grothenaieck topology
is generated by open covers and projections, just as section 3. And as in this
preceding section, lawless sequences are interpreted as projections. The logical
properties of the model are of course exactly the same as the properties of the model
ot section 3. For the record:
Theorem. The site described above gives a model for the theory of lawless sequences
of neighbourhood functions, i.e. it satisfies the axioms of density, decidable equal-
ity, open data, and continuity (the continuity axiom has to be rephrased using induc-
tively defined neighbourhood functions on the tree K<JN).
4.2. Potential choice sequences of natural numbers.
of the site of 4.1 we can associate a potential sequence
With each of the lawless sequences 11.
i,
(i;l, ... ,n) at an object Vc x ... XVE,
"I n
a
i
of natural numbers, by
setting
V x ..• XV II- a
l
. (n)
E,I E,n
m f i l 0 ••• ofik.(x)(n)
l
m.
(Here E,i; (f
i l,··.
,f
i k),
and the f.. are regarded as operations IN"N -;- IN"N,
l lJ
so composing them makes sense.) a
i
is not an actual sequence, i.e.
V x ••• xv II-f Vn3ma.(n) m,
E,I E,n i.
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since the extensions (fil, ... ,f
i k.,
gl, ... ,g,£) of such that f
i l
0 ... oge(x)(n)
1
is constant in x do not form a cover of .•
1
However, we can always extend a se-
quence in K<JN by a constant function (constant when regarded as an operation
IN:N ... IN:N), and therefore
The information we have about such a potential sequence a at an object
V
(fl,···,fn)
and
is the only non-lawlike element at
ever turns out to be a real sequence)
a
a
V
(f
l,f 2
, f
3
, · · · , f
n
)
represent equivalent information. Therefore we will identifyV
(flof2,f3,···,fn)
two such objects by passing to a quotient space of
v is that (in case
(fl,···fk)
a Eim(fjo ... of
k).
Thus, since
that we are interested in here, the two objects
Definition. Let be the equt.ual.ence relation on KJN generated by
The space X is the quotien t space KIN / , wi th the quotient topo logy.
Lemma. The canonical projection p: KJN ... X is open.
Proof. The equivalence relation can also be described by
So
which is open in K
lN• o
We will now modify the definition of our site, by replacing each basic open
V of
(f1,· .. ,f
k)
p(V )
(f 1" •. , f
k
)
We will write
K
JN
by the corresponding open p (V ) of X. Note that
(fJ, •.. ,f
k)
P(V(f ° of », so we only need to work with sequences of length I.
I ... k
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and sometimes by abuse of notation for sequences of length other than 1,
v = p(V ), so V denotes
(f1,···,fk) (fl,· .. ,fk)
()
As our site we now take the site obtained by
site of 4.1. So objects are now finite products
X a •• X
applying p to everything in the
and morphisms
(j): {I, ... .m}
¢: V
f
x .. ,xV
f
V x ... xV
1 n gl gm
{I, ... ,n} such that for each
come
1 =
from injections
I",.,m there exists an h. E K
1
and as before, except that
if is now a function on equivalence classes (note that this is well defined). The
Grothendieck topology is generated by basic covers of two kinds:
1S a cover.
(i)
(ii)
(open inclusions)
(projections) V xV
f g
v }
f gcK
is a cover
4.3. Actual choice sequences of natural numbers,
Our next modification will be to force the pote'1tial sequences a of 4.2 to be-
come real sequences by allowing to pass to a bar in to find the
th
n value
of a. Each finite sequence u induces a lawlike continuous operation u: 1N
JN
1N
JN
defined by
("overwri te u")ulx
(u(D), ••• ,u(lth(u)-I), x(lth(u)), x(lth(u)+I), ... ),
and we now add to the site of 4.2 as new basic covers the families of inclusions
for each inductive bar {u.}. for ]NJN. (Note that this makes the covers of
1
type (i) in 4.2 redundant.) By stability and transitivity of the induced Grothendieck
topology, this means that for each inductive bar
we have a corresponding family
tv _I x •••
fjOu i
in the site.
c-, V
f
I
x .•• x V
f
i.
k
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Observe that covers of this form are stable. For example, if {Vf on. 7 Vf}i is
a cover and V
g
continuity of h
7 V
f
is an inclusion in the site (so
there is an inductive cover {v.}.
J J
g = foh
of JNlIl
for some
such that
h)
h
then by
maps each
v.
J
into some u.
i.
(i. e. if x E JN JN extends v.
J
then hex) extends we write
this as SO U.Ol1°V.
J
f sh e v .
J
and hence there
is a commutative diagram
V -gov.
J
V
g
We now have obtained actual sequences:
Proposition. In this model 1= VaVn3ma (n ) = m, i.e. at each object x ••• x
for each choice sequence ai(i=l, ... ,k), V
f
x ••• XV
f
[f­ Vn3ma. (n ) = m
I k
proof. It suffices to take k = (cf. observation I, section 3), i.e. to show that
for all n, V
f If- 3m a(n) = m. But f is continuous (as a map
JNlIl 7 lNlIl) so
there is an inductive bar {v.} . for lNJN such that for all there exists an m.
J J J
with f (x) (n) = ID. whenever x E V •• But then Vfav. If- a(n) m. for each j,J J
J
J
so V
f If­ 3m a(n) = m. D
The universe of choice sequences of natural numbers we have now obtained models
a rather poor theory. Most importantly (since we are on our way to a model for CS)
the universe is not closed under application of lawlike continuous operations. We do
not have analytic data, or Va313 - continui ty. Also, of the LS-like properties not
much is left. For example, the model does not satisfy decidable equality for choice
sequences.
On the positive side, we have
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Proposition. In the model under consideration, the following are valid:
(i) (density) Va." 3aa. = a
(a. ranges over choice sequences, a over lawlike sequences)
(ii) (Va.3n - continuity) 'lfa.3nA(a.,n)> 3FVa.A(a.,Fa.)
(here, as usual, A does not contain non-lawlike parameters other than c :, and F
ranges over lawlike continuous operations IN:N -.- IN).
In the proof we use
Lemma. (genericity of the choice sequence a. at V(» Let A(a) be a formula
with a as its only non-lawlike parameter. If V() 11- A(a) then 1= VaA(a) .
proof. Take a choice sequence a
i
at V
f
x ••• x v
f
Since all other pa-
I n
rameters in A(a.) are (interpreted by) constant (elements), it suffices to show that
a..
1
is a restriction of the sequence a. at V() (by monotonicity of If-) . But
restricting a. along
11.
1
----+
yields a...
1
o
proof of propos i tion. (i) We show If- "3ao. = a. By observation I of section 2
it suffices to show that for each f, Vf If-f ,3 an = a. But this is indeed the case,
since if is constant with value b, then a. = a
1
when we
let a=f(b).
(ii) By observation 2 of section 2, we have to show tjat if 1= Vo.3nA(a,n) then
tion 1) there are an inductive cover
1= 3FVo.A(a,Fo.). But if 1= Vo.3nA(a,n) then
We may assume the u.
1
to be disjoint
V()F3nA(o.,n), so (cf.observa-
{uili and numbers n i such that Vii. If- A(o.,n i).
1
(incompatible), so we can define a lawlike con-
tinuous operation F: JN1'l -.- IN with value n. on
1
F(x) = n
i
if x ex-
o
is a cover,hence since {Vil. -e- V( )} i
1
1= Vo.A(a,Fo.).
Vu. If- A(o.,Fo.),
1
By the genericity lemma,
tends u.. Then
1
V() 11- A(a,Fo.).
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4.4. Closure under lawlike continuous operations.
We will now enlarge our universe of choice sequences, by "projecting" from the
lawless sequence (f
1,f2
, ••• ) of neighbourhood functions not only the single sequence
a defined by a(n) = miff TI3kVx E IN f 10 ••• of
k
(x) (n ) = m as in 4.2, but using one
lawless sequence to generate an indefinite number of sequences of the form b(a),
where b is a lawlike continuous operation JNTI -.. JNl'l.
At the level of the site this means that instead of having finite products of
spaces V
f
as objects, we now take finite products of objects of the form
to our site. On the underlying spaces, this is just the identity map. Going back
along this morphism corresponds to the "step in the construction" by which we decide
to consider some more choice sequences projected from the single lawless sequence
about which we know that it starts with f.
since we should be able to consider an arbitrary (finite) number of such choice
sequences without narrowing our information about the sequences we already had, we
should declare this morphism a cover in the site. (Stability of this new type of
basic cover is trivial, since the underlying function of topological spaces is the
identity.)
The model we obtain in this way indeed satisfies closure, that is
VaVF3S F (a) S
is valid, where a,S range over the new domain of choice sequences, and Faver
lawlike continuous operations, but the extra logical properties that we obtain are
rather uninteresting. The reason is that the information we have about the single
This in-say, is too intensional.at the objectS = b (a)choice sequence Vbfog
formation expresses that S E im(bofog), and that f and g are the first two
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elements in our lawless sequence of neighbourhood functions, while b the lawlike
operation that we apply to extract the sequence S = b(a). We want to abstract from
the different roles played by band f the construction of S, i , e. to pass to
a stage of information where f is regarded as an operation used for closing off.
This means adding a morphism
to the site, which on the level of underlying spaces is defined by concatenation,
x 1-->- f*x (this i.s obviously well-defined on equivalence classes x E X = KlN and
it does not depend on the choice of f, i.e. if f' would be another function such
ignore the "intensional difference" between the information at
that bof = bof' and fog = flog, the same morphism is defined). Since we wish to
Vb and the informa-
fog
tion at
to cover.
completely, we should moreover declare this morphism
(Digression: A similar abstraction is made in the theory of lawless sequences. A
lawless sequence a is usually conceived of as constructed by fixing a finite initial
segment u, and then starting to make free choices (throwing a die). At each stage
of the construction, the information we have about a is an initial segment u*v,
but we abstract from the extra "intensional" information that u is the initial "de-
liberate" placings of the die, whereas v comes from making free choices. See
Troelstra(1977).)
When compared to the earlier models of this section 4, the properties that the
universe of choice sequences has in this model are much richer and much more interest-
ing.
Before we investigate some of these properties, however, we give an explicit de-
scription of the site that we have obtained at this stage. For easy reference, we
call this site lK.
x ..... x
Objects of the site lK
a
V n
f
n
are finite products
where f. E K and a.
i.
<IN
E K • MOY'phisms of lK are best described by: all compo-
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sitions of morphisms of the various types mentioned above. A more explicit but rather
tiresome description is as follows: a morphism
such that there are mapsfor each j = l, ... ,m,
p .: {! , ... ,.('.} >--+ {I, ..• , k (.)}
J J (jJ J
and k. (j=l, ... ,m) with
J
induced by an injection
h.
J
(b. I , ... , b . .(' )
J J .i
with injectionstogether
and b. =
J
a.
r,
with (ai1,···,ai k.)
(jJ: {I , ••• .rn} >--+ {l , ... .n}
h. of (.)
J (jJ J
g. «k .
J J
and for each p 1, ... ,f.,
J
b. «h .
JP J
On the underlying spaces we have
(* for concatenation; this is well-defined on equivalence classes and does not depend
on the choice of h., k.). The Grothendi eck. topo logy of JK is generated by basic
J J
covers of four kinds:
(i) ("open covers") {V
f
a _
au.
i.
is a cover, for each inductive bar {u . }.
(ii)
(iii)
(projections)
(adding choice sequences)
i.s a cover.
Vb is a cover for the map which is the iden-
f
tity on the level of spaces, and is induced by an inclusion of the sequence
b as a subsequence of a.
(iv) (abstraction) is a cover, where aof if
The universe of choice sequences at an object
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consists of all sequences of the form
b.
J
(b. 1 , ••• ,b. ),
J JP
and S
S=b.oa.
JP J
is a sequence by
(p=I, •.• ,.t) , where
m iff Vx E mil b. og. (x) (n)
JP J
m.
Restriction of choice sequences along morphisms is defined in the obvious way. If
is a morphism as just described and S b. ° a. as above, then the restriction
JP J
of S along is the sequence
such that for each i, thenalso
l
a
n
x ••• x V
f
. This definition of restrictions is compatible with
n
m In the sense that for a morphism with codomain
the object
11
1at V
f
1
the definition of
W and domain U,
is a cover In JK
W If- Sen) = m.
If- Sen)
w If- Sen) m implies U If- (n) = m, and if U. + wI.l l l
In this model, all one parameter aXloms of the theory CS are valid:
Theorem 1. In the model over JK just described> the following are valid:
(i) (closure) VaVF3S S = F(a)
(ii) (analytic data) Va(A(a) + 3F(a E im(F) 1\ VS E im(F)A(a»)
(iii) (Va3n - continuity) Va3nA(a,n) + 3FVaA(a,Fa).
Here, as usual, F ranges over lawlike continuous operations (into IN or
a,S over choice sequences, and all non-lawlike parameters in A are shown.
Before we prove the theorem, let us reformulate the genericity lemma of 4.3:
Genericity lemma. Let A(a) be a formula with a as its only non-lawlike parameter.
Then in the mode lover JK, idV() 11- A(a) implies 1= VaA(a) .
proof. As before, we have to show that every choice sequence at an object
id
V( ) •
I whereS = a
a atchoice sequence
"nVf, then
n
restriction of the (single)
"I
a choice sequence at V
f
x ••• x
1
al an
is theVf
x ... x V
f
1 n
But if S a .. o a. is
lJ l
is the composite
229
- -
a l an 11.
a. a .. a ..
i d idl V l V lJ V lJ Dvf X ••• xVf --->- ----+ C---.,.. -----+ VO 'f. f. ( ) a ..I n l l lJ
proof of theorem I.
In other words, we may assume that
Then also If- A(S)
is a law-f
since
we have two se-
But if
Vid,f
( )
S=a.. oa ..
lJ l
covers, and at
11- VF36 a = F(S) .
for some sequence
a· .v/J If- A(S).
l
we can write V; If- A(6).
and S with Vid,f
- - ()
al an
Vf x... xVf If- A(S)
a .. 1 n
7 V lJ covers, we find
f.
l
a
l
has length I, and
a
(ii) Suppose
al an
V X••• XV
ff l n
n = I and
(l' ) idBy the lemma, it suffices to show V( )
like continuous operation, then vid,f 7 v i d
( ) ( )
If- a = f (6) .quences
by restricting along the morphism V
aof
-j- Va
( ) f '
so if we add a choice sequence a
corresponding to id and put F = aof we find If- A(Fa). Hence since
vaf,id 7 v
i d
covers, i d 11- A(Fa). By the genericity lemma, 1= VaA(Fa),( ) ( ) ( )
fortiori Va If- VaA(Fa), while Vaf, id if- S = Fa, so Va If- 6 E im(F) sincef ( ) f
vaf,id
7 Va is a( ) f
so a
(iii) The proof of Va3n - continui ty is analogous to the one we gave in 4.3. D
Corollary. Let A be a sentence of the language of CS containing only one choice
variable. Then A is valid in this model over JK.
proof. From the proof of the elimination theorem for CS (Kreisel & Troelstra(1970))
we conclude that if CS 1- A then CSI 1- A, where CS I is the theory axiomatized
by the axioms of CS which contain only one choice variable. But the theorem above
states that these axioms are valid over JK. D
The model does not satisfy the axioms for CS in more choice variables, notably
the pairing axi.om Va,S3F,G3y(a=FyI\S=Gy), and Va3S-continuity.
The properties of the universe of choice sequence in this model can be more close-
ly analysed if we introduce a primitive predicate of independence
a # S "a and S are independent choice sequences"
into the language. The interpretation of # in the model is given by
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iff i. # l,
i v e , two choice sequences are independent if they come from different factors of the
product
choosing
aj
Vf X •••
I
a lawless
meaning that they are extracted from distinct processes for
sequence of neighbourhood functions. Obviously, # is decidable y
Ct#S v 'Ct#S
is valid in the model (just as decidable equality in section 3).
With this primitive # added to the language, the model can be shown to satisfy
a set of axioms that allows elimination of choice sequences. For example, we have
multiple parameter versions of analytic data and Va3n - continuity:
Theorem 2. The model over JK satisfies the following IIIU&&LiJ&8 parameter versions
of analytic data and continuity, iohei-e #(a], ... ,an) abb retriat.ee /\ a. # 0: ••
i <j l J
Va j ... an(#(a1,···,an)
/\ A(Ctj, ... ,a
n)
-> 3F, ... F
n
n
((=\ a i Eim(F i) /\ VS j ... l3n(#(13 I,···,13n) ->- A(FI31,··Fl3n»»
the proofs are easy modifications of the proofs given for the one-rp a r atne t e r case,
using a "genericity lemma" for independent n-tuples, saying that the independent
n-tuple at id idV() x ••• x V () (n-fold product) is the generic such.
We do have dependent versions of pairing and Va313 - continuity:
Theorem 3. The model over JK satisfies
(ii) VCt3S ( I a#B /\ A(a, B» 3FVaA(a,Fa).
a=aijOai,
occurring in a .. Take F = a .. , G = a
l lJ ik'
a i j , ail<.
which exists at the object
an
x V
f
and are not dependent, then
n
some neighbourhood functions
xare given atCt,13Ifpro".!.. (i)
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or equivalently (since there
a j an
V
f
x ... XV
f
·
I n
is forced somewhere,
a. ,id a
x ••• x V x ••• x V n covering
f. f
n
Suppose lIa3B(la#13 II A(a,l3))
B
and
By gener-
with Flu. = f., i c e •
l
id,f.
V_ l A(a,Fa),
u.
i.
A(a,Fa).
lawlike continuous operation
id,f iThen V_ S =F(a), so
u.
i. id Vid
cover V( )' also () 11-
Ui"
id,fi
V_
u.
l
extendsxif
and hence since the objects
are no non-lawlike parameters) everywhere. Then 11- 313 (I a#13 II A(a, B» ,
from this it follows that there is a disjoint inductive bar {ui}i and elements
id,f.
f. E K such that V_ A(a,B) (where a still corresponds to id, and
1 Ui
to f.). Let F: IN:N -+ IN:N be the
F(x) = f. (x)
icity, lIaA(a,Fa). D
The continuity axiom for the quantifier combination Ifa
l
... lIan3B in fact
splits into several variants. Without proof we state some for n = I.
Theorem 4. The following oereionc of IfcdS - continuity are valid in the model over
E.
(i) (uniformity) lIa3B(a#B IIA(a,B»>- 3e e Klfu(e(u) ';'0 -+ 3Slfa E u(a#B +A(a.,B»)
(ii) lIa3I3A(a,S) -e- 3eEKllu(e(u)';'0 -+ (3FllctEuA(a,Fa) v 313I1clEu(a#S-+A(a,B»».
(By analytic data and continuity for the quantifier combination lfa3f E K, (i) may
equivalently be formulated as
(i ') lIa3S (a#B IIA(a, B» -+ lIa3FIIB(a#S -+ A(a, FS)) .)
4.5. Identifying independent processes.
The ob s truction to having the usual form of lfa3S - continui ty at the end of 4.4
lies in the fact that there are independent "parallel" processes for constructing law-
less sequences of neighbourhood functions. As a further abstraction, we will now al-
low identification of independent processes which "until now" have yielded the same
result. This abstraction is formalized by adding more morphisms to the site E of
4.4: we add morphisms
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which, at the level of the underlying spaces, are just the diagonal maps. We thus ob-
tain a new site which has as morphisms all compositions of morphisms of the type de-
scribed in 4.4 and these new diagonal maps, and with the same basic covers (i)-(iv)
above generating the Grothendieck topology. We call this new site The model
over II.., with the universe of choice sequences defined as for the model over JK,
now comes very close to validating the CS-axioms:
Theorem 1. In the model over the site TI, just described, the following are valid:
(i) (c Loeure ) VcNF3S(B=Fa)
(ii) (analytic data) Va(Aa E im(F) /\ VB E im(F)AB»
(iii) (Va3n - continuity) Va3nA(a,n) 3FVaA(a,Fa)
(iv) (Va3S - continuity) Va3BA(a, B) 3FVaA(a,Fa)
proof. (i)-(iii) are proved just as in 4.4 (cf. theorem I of 4.4), since the generi-
city lemma remains valid over Il,. , For Va3B - continuity, suppose If- Va3SA(a,S)
(at object, if in particular
id 11- 3SA(a,S). this it fol-every at any" Then V ( ) From
id . d f·lows that there is a cover {<p. : u. where either u. = V: x V and
i. 1 1 U. g.
f· i. i. id,hi
u. If- A(a, Si) (with a coming from and S. from V i, ) or U. = V_
i. u. .i g. ' u.
i. i. i.
and U. If- A(a,B i) (with a corresponding to id, B. to hi)' all this for somer, i.
inductive bar {u. } .. But if U. is of the first type, we can restrict along
id,f.og. f.og. fiog i
f.
V_ x V_i. xV
r,
---+ x V( ) ---+u. u. u. u. u. g.
i. i. t
D
u.
t.
so by the genericity
be the lawlike continuous operation
id,h.
so V_ If- A(a,Fa). Since
u.
11- A(a,Fa),
B. ,
i.
V
i d
( )
Flu. = h ..
t.
id
1= VaA(a,Fa).
such that
id,hi
{V_
u.
lemma,
id,f. og.
d 1 d h V_ i. I' () h d . hIllan we cone u e t at u. r A a,B
i.
In ot er wor s, out oss a
"N"N
are of the second type. Now let F: IN IN
id,hi
Then V- If- F(a)
u.
i.
is a cover, it follows that
The model over II.. not a model for CS, since the pairing axiom is not satis-
fied. With one small modification, however, we obtain pairing. Let 1M be the site
with the same objects and morphisms as II.., and with the Grothendieck topology gener-
ated by the
8.
1V
f
x •.• x
I
basic covers (i)-(iv) of 4.4, and addition for each object
a
v
f
n of the site,
n
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(v) (diagonals) the collection of morphisms
a f h
x V n n n
( )
x •.• I all
is a cover, where on the underlying spaces the morphism for an n-tuple
Over the site 1M, we define a un i ve r s e of choice sequences exactly as in 4.4. We
then obtain
Theorem 2. The modelover 1M is a model. for cs.
proof. All the axioms are verified exactly as for theorem 1 above, except for pair-
i.ng . But pairing is trivially forced to hold by the new covers of type (v) .
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